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Abstract
In this note, we obtain a lower bound for the number of connected hyperplanes of a 3-connected binary matroid M containing a
ﬁxed set A provided M|A is coloopless.
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1. Introduction
We say that a cocircuit C∗ of a matroid M is non-separating when M\C∗ is connected. Note that a cocircuit of a
matroid M is non-separating if and only if its complement is a connected hyperplane of M. For a connected graphic
matroid, a non-separating cocircuit corresponds to the star of a vertex whose deletion from the associated graph keeps
it 2-connected.
Non-separating circuits and cocircuits play an important role in the understanding of the structure of graphicmatroids.
For example, with the aid of these cocircuits, Kelmans [4] gave an elegant demonstration of Whitney’s 2-isomorphism
Theorem (see [13]) and Tutte [11] obtained a nice characterization of the 3-connected graphs which are planar. Bixby
and Cunningham [1] generalized Tutte’s result for the class of binary matroids by proving Edmonds’s conjecture,
namely: a 3-connected binary matroid is graphic if and only if each element belongs to exactly two (or at most two)
non-separating cocircuits. Moreover, Bixby and Cunningham also proved that each element of a 3-connected binary
matroid belongs to at least two non-separating cocircuits. Kelmans [3] and, independently, Seymour (see [9]) proved
that every simple and cosimple connected binary matroid has a non-separating cocircuit. It is somewhat striking that
every connected binary matroid which is simple and cosimple has at least four non-separating cocircuits as proved by
McNulty and Wu [7]. Moreover, McNulty and Wu’s result is sharp: there is an inﬁnity family of matroids that attains
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the bound. In general, even a 3-connected matroid may not have a non-separating cocircuit. This is true, for example,
for Ur,n provided 2<r <n. (For matroid notation and terminology, we follow Oxley [10].)
Lemos and Melo [6] reduced the problem of ﬁnding non-separating cocircuits of a simple and cosimple connected
binary matroid to the problem of ﬁnding non-separating cocircuits of some 3-connected binary matroids avoiding a set
of elements. Let R∗A(M) be the set of non-separating cocircuits of a matroid M avoiding a subset A of E(M). (When
A = ∅, we use R∗(M) instead of R∗A(M).) If M is a simple and cosimple binary matroid, then
R∗(M) =R∗A1(M1) ∪R∗A2(M2) ∪ · · · ∪R∗Am(Mm), (1.1)
where M1,M2, . . . ,Mm are the 3-connected matroids that label the vertices of the canonical tree decomposition TM
of M and, for i ∈ {1, 2, . . . , m}, Ai = E(Mi) − E(M). (For a deﬁnition of TM see [2] or [5].)
From (1.1), when M is a simple and cosimple connected binary matroid,
|R∗(M)| =
m∑
i=1
|R∗Ai (Mi)|. (1.2)
To obtain a lower bound for |R∗(M)|, it is enough to ﬁnd one for |R∗Ai (Mi)|, for some i ∈ {1, 2, . . . , m}. To describe
the known bounds for |R∗Ai (Mi)|, we need to give some deﬁnitions.
For an integer n exceeding two, let On be the vector matroid of the matrix [In|Xn] over GF(2), where Xn = (xij ) is
an n × n matrix such that
xij =
{
0 when i = j and 1 in − 1
1 when i = j or i = j = n.
Note that On is a 3-connected matroid. If the 2n columns of [In|Xn] are labeled by a1, a2, . . . , an−1, a, b1, b2, . . . ,
bn−1, b, respectively, then R∗{a,b}(On) = ∅.
For an integer n exceeding two, label the maximal stable sets of K3,n by V1 and V2 so that |V1| = 3. Let K ′′3,n be the
graph obtained from K3,n by adding two pairwise non-parallel edges joining vertices in V1.
Let M be a 3-connected binary matroid. For a subset A of E(M), we denote by dimA(M) the dimension of the
subspace of the cocycle space spanned by the non-separating cocircuits of M avoiding A. When A=∅, we use dim(M)
instead of dimA(M). Note that dimA(M) is a lower bound for |R∗A(M)|. All the lower bounds for dimA(M) given by
the next result are sharp.
Theorem 1.1. Let M be a 3-connected binary matroid. If A is a subset of E(M), then
(i) (Bixby and Cunningham [1]) dimA(M) = r(M), when |A| = 0.
(ii) (Lemos [5]) dimA(M) = r(M) − 1, when |A| = 1 and r(M)> 0.
(iii) (Lemos and Melo [6]) dimA(M)(r(M) + 1 − n)/2, when |A| = 2 and M has no minor isomorphic to On, for
an integer n exceeding two.
(iv) (Lemos and Melo [6]) dimA(M)r(M) + 1 − n, when |A| = 2 and M has no minor isomorphic to On or to
M∗(K ′′3,n−1), for an integer n exceeding two.
Using (1.2) and Theorem 1.1(ii), one can obtain McNulty and Wu [7] bound for the number of non-separating
cocircuits of a simple and cosimple binary matroid M which is not 3-connected, since there are at least two i ∈
{1, 2, . . . , m} such that |Ai | = 1. (That is, TM has at least two terminal vertices.) When M is a 3-connected binary
matroid, Bixby and Cunningham [1] proved that M has at least r(M) + 1 non-separating cocircuits.
The next result is a consequence of Theorem 1.1(iii), for n = 4, because O4 is not regular.
Corollary 1.1. Let M be a 3-connected regular matroid. If A is a 2-subset of E(M), then
|R∗A(M)|dimA(M)
⌈
r(M) − 3
2
⌉
.
Let M be a 3-connected binary matroid. For a subset A of E(M), a sharp lower bound is known for dimA(M). When
|A|2, this lower bound is 0. Lemos and Melo [6] improved this lower bound for some special families of binary
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matroids provided |A| = 2. In this note, we obtain a lower bound for dimA(M) when M|A has no coloop. For a ﬁxed
A, this result is close to the bound for graphic matroids which is sharp, namely:
dimA(M)r(M) + 1 − |A|.
Theorem 1.2. Let M be a 3-connected binary matroid. If A is a subset of E(M) such that M|A is coloopless, then
dimA(M)r(M) + 1 − (2|A| − |A|).
This result is not sharp. It is a consequence of a result proved in the next section which is sharp and depends on a
function’s computation. This computation is hard when A has large size. We can obtain only an upper bound for this
function. We improve the previous result in a special case, when the function is easily computed, namely:
Theorem 1.3. Let M be a 3-connected binary matroid. If A is a triangle of M, then
dimA(M)r(M) − 2.
This note is based on part of the Ph.D. Thesis of Melo [8].
2. Proof of the main results
Throughout this section, we suppose that:
(a) F is a class of binary matroids closed under minors; and
(b) N is a simple matroid belonging toF.
We deﬁne
FN = {M ∈F : E(N) ⊆ E(M),M|E(N) = N and M is 3-connected}.
In this section, we study the next function:
f (N,F) = max{r(M) − dimE(N)(M) : M ∈FN }.
For the class of all binary matroids B, Theorems 1.1(i) and (ii) assert, respectively, that
f (U0,0,B) = 0 and f (U1,1,B) = 1.
The set of matroids {On : n is an integer exceeding two} tells that
f (U2,2,B) = ∞.
If O−n denotes the class of binary matroids without a minor isomorphic to On or to M∗(K ′′3,n−1), for a ﬁxed integer n
exceeding three, then Theorem 1.1(iv) says that
f (U2,2,O
−
n ) = n − 1.
Our goal is to prove the next result:
Proposition 2.1. If N is non-empty and coloopless, then there exists M ∈ FN such that f (N,F) = r(M) −
dimE(N)(M) and E(M) − E(N) is an independent set of M.
To show this result, we need the following lemma of Bixby and Cunningham [1]:
Lemma 2.1. Suppose that M is a 3-connected binary matroid such that r∗(M)3. If e ∈ E(M),M\e is 3-connected
and C∗ ∈ R∗(M\e), then C∗ or C∗ ∪ e belongs to R∗(M).
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From Lemos and Melo [6], we need the next two lemmas:
Lemma 2.2. If T ∗ is a triad of a 3-connected matroid M that meets a triangle T, then si(M/e) is 3-connected, for
e ∈ T ∗ − T .
For a matroid N, we use si(N) to denote the simpliﬁcation of N, that is, the simple matroid associated with N.
Lemma 2.3. Suppose that M is a 3-connected binary matroid such that r(M)4. Let e be an element of M such that
si(M/e) is 3-connected. If A ⊆ E(M) and X ⊆ E(M)− e is chosen so that si(M/e)=M/e\X and A′ =A− (X ∪ e)
has maximum cardinality, then, when e /∈A,
dimA(M)dimA′(si(M/e)),
with equality only if R∗A(M) =R∗A∪e(M).
We also need one of the main results of Wu [14]:
Theorem 2.1. Let C be a circuit of a 3-connected binary matroid M such that r(M)3. If M\e is not 3-connected,
for every e ∈ C, then C meets at least two non-separating triads of M.
Note that Proposition 2.1 is a consequence of the next lemma because, up to isomorphism, there is a ﬁnite number
of 3-connected binary matroids M such that E(N) ⊆ E(M) and E(M) − E(N) is an independent set of M.
Lemma 2.4. Let r be an integer such that r3 and suppose that {H ∈ FN : r(H)r} = ∅. If N is non-empty and
coloopless, then there is M ∈FN such that E(M) − E(N) is an independent set of M and
max{r(H) − dimE(N)(H) : H ∈FN and r(H)r}r(M) − dimE(N)(M).
Moreover, M can be chosen so that
(i) If e ∈ E(M) − E(N), then M\e is not 3-connected.
(ii) If r(M)4, e ∈ E(M) − clM(E(N)) and si(M/e) is 3-connected, then
R∗E(N)(M) =R∗E(N)∪e(M).
(iii) If r(M)4 and T ∗ is a non-separating triad of M, then |T ∗ ∩ E(N)|2.
Proof. Choose a matroid M ∈ {H ∈FN : r(H)r} such that
max{r(H) − dimE(N)(H) : H ∈FN and r(H)r} = r(M) − dimE(N)(M)
and |E(M)| is minimum. First, we establish (i)–(iii).
We prove (i) by contradiction. Suppose that M\e is 3-connected. By the choice of M,
r(M) − dimE(N)(M)> r(M\e) − dimE(N)(M\e) = r(M) − dimE(N)(M\e).
Therefore
dimE(N)(M\e)> dimE(N)(M).
If C∗ ∈ R∗E(N)(M\e), then, by Lemma 2.1, R∗E(N)(M) ∩ {C∗, C∗ ∪ e} = ∅. Thus dimE(N)(M)dimE(N)(M\e); a
contradiction and so (i) follows.
Now, we prove (ii). Make the simpliﬁcation of M/e so that A′ =E(N)∩E(si(M/e)) has maximum cardinality. As
e ∈ E(M) − clM(E(N)), it follows that A′ = E(N). Moreover, N = M|E(N) = si(M/e)|E(N). By the choice of M,
r(M) − dimE(N)(M)> r(si(M/e)) − dimE(N)(si(M/e))
> r(M) − 1 − dimE(N)(si(M/e))
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and so
dimE(N)(si(M/e))dimE(N)(M).
By Lemma 2.3,
dimE(N)(M)dimE(N)(si(M/e)).
Therefore
dimE(N)(M) = dimE(N)(si(M/e)).
Again, by Lemmas 2.3, we have that R∗E(N)(M) =R∗E(N)∪e(M). Thus (ii) holds.
To establish (iii), we argue by contradiction. Suppose that |T ∗ ∩ E(N)|1. Let X be a 2-subset of T ∗ − E(N).
Hence T ∗ − X is a coloop of M\X. As N is coloopless and [M\X]|E(N) = N , it follows that E(N) ∩ T ∗ = ∅. By
orthogonality, T ∗ does not meet clM(E(N)). By (ii), si(M/e) is not 3-connected, for every e ∈ T ∗. By the dual of
Tutte’s Triangle Lemma [12], there is a triangle T of M such that T ∩ T ∗ = ∅. If e ∈ T ∗ − T , then, by Lemma 2.2,
si(M/e) is 3-connected; a contradiction. Therefore (iii) follows.
Now, we complete the proof of the lemma. If E(M) − E(N) is an independent set of M, then the result follows.
Assume thatE(M)−E(N) is not an independent set of M. Let C be a circuit of M such thatC∩E(N)=∅. By Theorem
2.1 and (i), C meets a non-separating triad T ∗ of M. By orthogonality, |T ∗ ∩ C| = 2; a contradiction to (iii) unless
r(M)3. Therefore r(M)3. Thus r(M) = 3 and so E(N) is a triangle of M. Hence MM(K4); a contradiction
because E(M) − E(N) = T ∗ is an independent set of M. Therefore C does not exist and the result follows. 
Corollary 2.1. If N is non-empty and coloopless, then
f (N,F) = max{r(M) − dimE(N)(M) : M ∈FN and E(N) contains a cobasis of M}.
Note that Theorems 1.2 and 1.3 are consequences of the next two corollaries. (TakeF=B and N = M|A.)
Corollary 2.2. If N is non-empty and coloopless, then
f (N,F)2|E(N)| − |E(N)| − 1.
Proof. IfFN = ∅, then the result follows. Suppose thatFN = ∅. By Proposition 2.1, there is a matroid M ∈ FN
such that
f (N,F) = r(M) − dimE(N)(M)
and E(M) − E(N) is an independent set of M. Therefore there is a cobasis B∗ of M such that B∗ ⊆ E(N). As M is
binary, it follows that |E(M)|2|B∗| − 1. In particular,
r(M) = |E(M)| − |B∗|[2|B∗| − 1] − |B∗|2|E(N)| − 1 − |E(N)|.
The result follows because r(M) − dimE(N)(M)r(M). 
Corollary 2.3. If N is a triangle, then f (N,F) = 2.
Proof. By Proposition 2.1, there is a matroid M ∈FN such that
f (N,F) = r(M) − dimE(N)(M)
and E(M) − E(N) is an independent set of M. Therefore there is a cobasis B∗ of M such that B∗ ⊆ E(N). As
E(N) is a triangle of M, it follows that |B∗|3. Hence M is isomorphic to U2,3 or M(K4) or F ∗7 . Observe that M
is not isomorphic to F ∗7 because F ∗7 has no triangles. So M is isomorphic to U2,3 or M(K4). For these two matroids,
r(M) − dimE(N)(M) = 2. 
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The other main result of Wu [14] is the following:
Theorem 2.2. Let C be a circuit of a 3-connected binary matroid M such that r(M)3. If f ∈ C and M\e is not
3-connected, for every e ∈ C − f , then C meets a non-separating triad of M.
Now, we establish the next result.
Proposition 2.2. Suppose that N is non-empty and coloopless. If N has at least one trivial series class, then there is
M ∈FN such that f (N,F) = r(M) − dimE(N)(M) and [E(M) − E(N)] ∪ f is an independent set of M, for every
f ∈ E(N) such that {f } is a series class of N.
Proof. By Lemma 2.4, there is a matroid M ∈FN such that f (N,F)= r(M)− dimE(N)(M) and E(M)−E(N) is
an independent set of M. Moreover, M satisﬁes (i)–(iii) of Lemma 2.4. The result follows unless [E(M) − E(N)] ∪ f
is a dependent set of M, for some f ∈ E(N) such that {f } is a series class of N. Assume this is the case. So there is a
circuit C of M such that f ∈ C ⊆ [E(M)−E(N)] ∪ f . By Theorem 2.2 and Lemma 2.4(i), C meets a non-separating
triad T ∗ of M. By orthogonality, |T ∗∩C|=2 and so T ∗−E(N) = ∅. By Lemma 2.4(iii), f ∈ T ∗ and |T ∗∩E(N)|=2.
(Note that r(M)4 because r(N)3 and E(M)−E(N) = ∅.) Thus, T ∗ ∩E(N) is a set of coloops or it is contained
in a series class of N; a contradiction and the result follows. 
The proof of the next result is similar to the proof of Corollary 2.2 and it will be omitted.
Corollary 2.4. If N is non-empty and cosimple, then
f (N,F)2|E(N)|−1 − |E(N)|.
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